We apply analytic conformal bootstrap ideas in Mellin space to conformal field theories with O(N ) symmetry and cubic anisotropy. We write down the conditions arising from the consistency between the operator product expansion and crossing symmetry in Mellin space. We solve the constraint equations to compute the anomalous dimension and the OPE coefficients of all operators quadratic in the fields in the epsilon expansion. We reproduce known results and derive new results up to O( 3 ). For the O(N ) case, we also study the large N limit in general dimensions and reproduce known results at the leading order in 1/N .
Introduction and summary of results
Wilson's renormalization group approach to understanding critical phenomena [1] has led to profound insights over many years. This approach relies on a Feynman diagram expansion which needs regularization of divergences and, as is usual in a perturbative approach, leads to asymptotic expansions. While this is well understood for renormalizable theories, it does not make use of the enhanced conformal symmetry at the fixed point. In the 1970s, [2, 3, 4] initiated the study of the conformal bootstrap approach in understanding critical phenomena. Unfortunately, the resulting equations proved very difficult to solve and not much progress was made. The work of [5] in the 1980s made remarkable progress in understanding 2d CFTs. It would take another two decades before progress was made, starting with the work of [6] which made use of the development in understanding conformal blocks in [7, 8] in the bootstrap program in higher dimensions [9, 10, 11, 12, 13, 14, 15, 16] .
In the modern formalism of the conformal bootstrap, building on the work of [6] , one expands a four point function in a conformal field theory in terms of the conformal blocks of one of the channels (direct channel). Then one imposes crossing symmetry in the next step. This is a nontrivial constraint and forms the starting point for the powerful numerical approach to constraining conformal field theories. Analytic progress, with this as the starting point, has been limited [13, 15] .
In cases with weakly broken higher spin symmetry, some progress has been made in understanding the leading order anomalous dimensions [17, 18] for lower spin operators as well-however, it is not clear how to systematize this approach to get subleading orders. The double light cone limit of the bootstrap equations in the works of [19, 20, 21, 22] gives a systematic approach for the large spin limit. For low spin cases, the methods of [21] allow a resummation to finite values of the spin, including spin zero but the issue is subtle. 1 . It is worth exploring other methods which do not require a resummation. In [23] it was shown how to make use of conformal symmetry of three point functions to get the leading order (in epsilon) anomalous dimension of a large class of scalar operators (see also [24] ). This approach depended indirectly on the equations of motion that follows from a lagrangian and leads to the question: How does one recover these results using the bootstrap and go further? The modern incarnation of the bootstrap can be used to gain some insight into the epsilon expansion using numerics [25] but is not very efficient in getting analytic results. Hence it is desirable to seek a different starting point.
In [4] , Polyakov considered a version of the conformal bootstrap that made use of crossing symmetric blocks from the beginning. Thus while crossing symmetry was in-built, consistency with the operator product expansion, for instance in the direct channel, was not guaranteed.
There are spurious poles in the expansion which need to be cancelled. Demanding this consistency leads to an infinite number of constraints. This approach lay dormant for a long time. In [26] , this approach was revisited and it was pointed out that it could be made to work at the next nontrivial order in the epsilon expansion. In [27, 28] , it was realized that the full power of [4] could be harnessed in Mellin space [29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39] where the systematics of non-zero spin exchange was both conceptually and calculationally simpler. Quite remarkably, the epsilon expansion results at three loops in the Feynman diagram approach were reproduced leading to agreement with existing results for anomalous dimensions as well as new results for OPE coefficients which have never been calculated, barring the stress tensor and conserved current exchanges (which are known upto two loop order in the epsilon expansion for the Ising case).
The reason why [27, 28] worked so efficiently relied on two key ingredients. First, the direct channel expression for the leading spurious pole naturally leads to an expansion in terms of a convenient orthonormal basis in terms of the continuous Hahn polynomials [40, 41] . Second, the crossed channels got contributions from only one scalar operator upto the first two or three (depending on the spin in the s-channel) subleading orders in epsilon. We will demonstrate that this approach works for the O(N ) case as well in the epsilon expansion. This will lead to reproducing known three loop results as well as new results for the OPE coefficients for various operators. Another reason for looking at the O(N ) case is that 1/N in the large-N limit provides another expansion parameter for a fixed spacetime dimension d and it is natural to ask what happens in this case.
There is a large body of work using a bootstrap type approach and conformal symmetry to understand this very important case [42, 43] which ties up with the AdS/CFT correspondence. As we will show that the single operator contribution in the crossed channel holds only upto leading order in 1/N , enabling us to easily extract the leading 1/N terms. To go beyond these orders, will require a careful study of the systematics of all the spurious poles, not just the leading one, and also some mixed correlators. This will be taken up in the near future in a separate work.
Another important case of N -scalars that we will consider is the theory with cubic anisotropy [44] . In the space of couplings there are four fixed points-the Gaussian fixed point corresponding to the free theory, the Ising fixed point corresponding to N decoupled φ 4 theories, the O(N ) fixed point arising from an interaction g 1 ( N i=1 φ i φ i ) 2 and the cubic fixed point corresponding to a continuum theory with the interaction g 1 (
(φ i ) 4 -for this last case the discrete symmetry φ i ↔ φ j , φ i → −φ i is preserved. For a certain N < N c , the O(N ) fixed point is the stable fixed point while for N > N c the cubic fixed point is the stable fixed point. The value of N c that follows from an epsilon expansion analysis is less than 3. To our knowledge, this value has not been determined using the modern numerical bootstrap and our analysis may be a useful starting point to address the same. The N = 3 case is relevant for ferromagnets. We will set up the equations for this problem and derive anomalous dimensions and OPE coefficients for operators quadratic in the field. While the anomalous dimension of the singlet scalar and the fundamental scalar are known to five loop order [44] , many of the results we will quote appear to be unknown in the literature (to the best of our knowledge).
Assumptions:
The essential assumptions that we will make in order to solve the bootstrap conditions, in addition to there being a Z 2 symmetry in all cases are:
1. There is a unique conserved stress tensor and a conserved spin-1 current. However, the conservation of spin-1 current does not hold for cubic anisotropy.
2. In the -expansion the OPE coefficients of higher order operators like (φ i φ i ) 2 begin at O( ). This is expected from the free theory, the only nontrivial bit in this assumption is that it begins at O( ) rather than say O( 1/2 ).
Summary of the results
We summarize below the findings of the paper. We use the colour code of blue to indicate results that are new.
-expansion
We find the anomalous dimensions and OPE coefficients (squared) of operators for the critical 
(3.25) (3.28)
Large N expansion
Our progress with the 1/N expansion is more modest and we do not report any new result. The leading order results that arise from our analysis are consistent with known results.
These results are in agreement with the results from [43, 17] .
Cubic anisotropy
We also consider the special case of a broken O(N ) symmetry with an interacting term like
In this model the symmetric traceless operators break into a diagonal part and an off-diagonal part. We have obtained the anomalous dimensions and OPE coefficients for a few operators, which are summarized below. The generalized δ ijkl notation is introduced in (6.2). Table 3 ,4 Table 5 ,6 Table 9,10 The paper is organised as follows: In section 2 we set up our equations for theories with a O(N ) symmetry. Section 3 uses these equations to obtain the anomalous dimensions and OPE coefficients for O(N ) models in d = 4 − at the Wilson-Fisher fixed point. In section 4 we apply our method for large N critical models. Section 5 makes some d = 3 predictions and also a large spin analysis to compare with known results. In section 6 we show how to modify our equations for a different kind of symmetry, which is the cubic anisotropic case. There are four appendices which give the essesntial formulas, alternate methods to verify our findings and some results which were too big for the main text.
Mellin space bootstrap for O(N )
We begin by reviewing the analysis of [27, 28] and extend the ideas to theories with O(N ) symmetry.
For the O(N ) case the spectrum contains operators that behave differently from one another under O(N ) transformations. A two point OPE can have the following operator content in the spectrum, 
s-channel
A generic four point function of the fundamentals of the O(N ) in the s-channel can be written as
where 4
3)
The + denotes even spins, and the − denotes odd spins. Each sector has different C ∆, -s corresponding to exchanges in that sector. The sums run over primary operators of dimension ∆ and spin and C ∆, is the square of the OPE coefficient of the operator carrying dimension ∆ and spin . We will sometimes loosely refer to C ∆, as the OPE coefficient.
Following the analysis of [27, 28] we will write the four point function in the basis of Witten diagrams, as follows
Here the constants c ∆, are related to the OPE coefficients C ∆, via a normalization factor defined in (A.1). We can write the Mellin representation of a Witten diagram (for identical external scalars)
as follows,
where we have,
and
Here we have λ 2 = (h + ν − )/2,λ 2 = (h − ν − )/2 and h = For the four point function written in (2.2) carrying the O(N ) indices, the sum of Witten diagrams in a certain channel can be decomposed according to singlet, traceless symmetric and anti-symmetric operator exchanges. The s-channel can be written as,
with,
where i stands for S, T, A for singlet, symmetric traceless and antisymmetric operators respectively.
t-channel
The t-channel can be done in a similar manner by replacing x 2 ↔ x 4 , i 2 ↔ i 4 and u ↔ v. After this interchange we can bring the integral into the form (2.5), by relabelling t + ∆ φ → s and s − ∆ φ → t. Then the Witten diagrams in the t-channel can be written in Mellin space as,
where,
(2.12)
Here we have,
Similarly in u-channel we can write,
ν, (s, t) by transforming s → −s − t and t → t. Once again for identical scalars, we have µ 
Total amplitude
The total crossing symmetric amplitude is given by,
. These poles come from the Γ 2 (∆ φ − s) function measure in the Mellin integral, as well as from the Γ(λ 2 − s) and Γ 2 (
) combined in M ∆, (s, t). In the Mellin integral these poles give u ∆ φ +n log u and u ∆ φ +n dependence which are spurious because they typically do not occur in the s-channel OPE 5 . Since one already obtains s-channel OPE, which is the full A(u, v), from the physical poles, these other poles are called unpysical poles, and the spurious u-dependences as unphysical terms.
Let us look at unphysical terms, with the leading order in u. These occur at the pole s = ∆ φ and the residues are simply given by the individual Mellin apmlitudes evaluated at s = ∆ φ . They can be expanded in terms of the basis of the continuous Hahn polynomials Q 2s+ ,0 . So let us write
Except when the operator with dimension 2∆ φ is protected in which case we will have to consider the contribution from these operators like the way we would treat the disconnected part.
Here the · · · denote physical pole contributions, and other spurious poles. The polynomials Q ∆ ,0 (t) are given in terms of the Mack polynomaials P
In the s-channel we have,
Let us write this as,
In the above equation the first term in the second line, is associated with the log term u ∆ φ log u , while the second term is part of the coefficient of the non-logarithmic term u ∆ φ (we will call this term the power law). We will need to sum up the coefficients of both log and power law terms from all the three channels and equate them to 0. For this purpose, only the two terms shown in (2.23) are enough since once the log coefficients are 0, all that is left in the power law coefficient is the second term in (2.23).
The expansions in the t and u channels are possible because the continuous Hahn polynomials Q ∆ ,0 (t) are orthogonal polnomials. Their orthogonality property reads
where κ (s) is defined in (A.7). The properties of continuous Hahn polynomials are detailed in Appendix A.3 . Using this for the crossed channels we have,
So near the pole s = ∆ φ the integrand would look like,
The explicit formulas for q i,(t)
∆, | are given in (A.9). As given in (2.23) we can expand q
The terms q
give the log unphysical terms. Once we set the log terms to 0, the power law unphysical terms are given in terms of q
. In the crossed channel we will mostly need the expression for the = 0 contributions which are given by,
where λ = (h + ν)/2 andλ = (h − ν)/2. Using properties of Q ,0 (t) as given in Appendix A.3 one can show that,
Disconnected piece
The above analysis does not include the case where the exchange operator is an identity operator which gives the disconnected part of the four point function. This is given by,
This has a Mellin transform that can be written as,
where the Mellin amplitudes of the disconnected s, t and u channels are given by,
(2.34)
Note that, the Mellin amplitude of the identity piece is not well-defined. However, for our purposes it suffices to consider only the relevant poles, as in (2.34).
The equation (2.33) can be rearranged according to singlet, traceless symmetric and antisymmetric tensor combinations, as below,
This integral also has spurious poles, but they only come from the simple poles of M
dis (s, t). Now the spurious terms come only from t and u channel disconnected parts and there are no log terms from them. Since we have only power law u ∆ φ we will expand the Mellin amplitude in the basis of continuous Hahn Polynomials, as shown below,
Since this term is associated with the power law term, the q
∆=0, | =0 (s) will have to cancel with the ∂ s ((s − ∆ φ )q ∆, )| s=∆ φ terms from (2.20) . In terms of q
Here the · · · indicate terms regular when s → ∆ φ .
Constraint Equations
Let us now take the equations (2.27) and (2.38) and equate the coefficients of logs and powers laws to 0. For the log terms we just put s = ∆ φ in q ∆, (s) in all channels, and equate them to 0 for every value of , and for each of the singlet, symmetric and antisymmetric sectors. This is because since the Q 2s+ (t)-s form a complete basis, each of them are independent, and so are each of the tensor structures. So we get six equations for every , two corresponding to each sector. Using (2.31) the constraint equations undergo considerable simplifications. For even spin singlet exchange in the s-channel the constraints reduce to the following,
For a symmetric traceless operator exchange in s-channel, we have,
Similarly, the constraint equations for antisymmetric odd spin operator exchange in the s-channel are given by,
In writing the above equations we have used (2.31) and the fact that antisymmetric operators have odd spins and others have even spins.
-expansion from constraint equations
In this section we will use the above equations to get the dimensions and OPE coefficients of
fixed point. The lagrangian in this theory is given by,
However we will not be using the explicit form of the lagrangian. Instead we will use the following assumptions:
• There is a conserved stress tensor.
• Z 2 symmetry (φ i ↔ −φ i ) is present.
• There are N identical fundamental scalars.
• The OPE coefficients of higher order operators which vanish in the free theory start at O( ) in the interacting theory so that the C ∆, of these operators are O( 2 ).
These assumptions will be enough, to determine the dimensions and OPE coefficients, from the equations above. Our starting point will be the conservation of stress tensor. This means we will use ∆ =2 = d as an input. Let us write the dimension of φ i as ∆ φ = 1 + δ
starts with 1 becuase in the free theory dimension of the fundamental scalar is (d−2)/2 = 1+O( ).
For the stress tensor OPE coefficient we write
In the singlet equations (2.39) and (2.40), we have,
S,2 1 + 2δ
Expansion of the derivative q
Here γ E is the Euler-gamma. The disconnected part (2.37) for = 0 gives,
The O( 2 ) and O( 3 ) terms are too tedious and hence not written here. The crossed channel terms as shown below start from O( 2 ) order. So solving (2.39) and (2.40) at O( ) we get,
The spin-0 singlet and traceless symmetric operators have the leading contributions in t-channel.
We denote their dimensions as,
and their respective OPE coefficients as,
With this let us look at the singlet and traceless symmetric equations (2.39), (2.40), (2.41) and 
(1)
The derivatives are given by,
T,0 + 2δ
(3.9)
The spin 0 disconnected parts reads,
To determine the C (0)
T,0 , δ
T,0 , · · · we would also need the crosssed channels. In the t(or u)-channel for q S,(t) =0 and q
T,(t)
=0 only the = 0 operators have the leading contributions. This is also true for > 0. This nice feature is discussed in detail later in this section. So we have, 11) and the derivative,
The correponding terms for q
=0 and its derivatives are simply given by replacing with the traceless symmetric scalar,
T,0 ) (3.14)
Now using the above in (2.39), (2.40), (2.41) and (2.42) to get the solutions of C (0)
S,0 , C T,0 . These solutions are listed at the end of this subsection. But let us first use them to obtain the crossed channel terms with = 2. It is only the spin 0 operators that will contribute to the q i(t) =2 . They are given by,
and c
This allows us to solve for (2.39) and (2.40) for = 2 at the O( 2 ) order. Thus we get δ
φ . With this information we go back to solving (2.39), (2.40), (2.41) and (2.42) for = 0 at the order of O( 2 ). Then we return to = 2 and solve for = 2. That gives us ∆ φ up to the O( 3 ) order.
Skipping the details of O( 3 ) let us just give the results. The dimension of φ is obtained to be,
For the singlet and symmetric traceless scalars we get,
17)
The OPE coefficient of the stress tensor is given by, T,0 , if we knew these quantites, we would be able to compute the O( 3 ) OPE coefficients C 
3.1 -expansion for higher spin exchange
We now proceed to study the higher spin operators using the constraint equations. We use the constraint equations(2.39)-(2.44) to find the OPE coefficient and anomalous dimension for the spin singlet, symmetric traceless and antisymmetric operator exchange in the s-channel. The higher spin conformal dimension are of the order ∆ = 2 ∆ φ + + O( 2 ). Let us denote their dimensions and OPE coefficients as,
where the subscript i stands for singlet(S), symmetric traceless (T ) and antisymmetric (A) exchange respectively. Here we use the fact that the singlet and symmetric traceless operators exist for even spins only, and the antisymmetric ones for odd spins. Even for the general cases, we find only the spin 0 singlet and symmetric traceless scalars contributing to the t and u channels, under the -expansion. The higher spin operators do not contribute to the crossed channels upto O( 3 ).
However, they will contribute to the O( 4 ) order. This is discussed at the end of this section.
To find the unknowns we solve (2.39)-(2.44), order by order. The steps are exactly similar as chalked out for spin 2. So we skip the details and give the solutions directly. The conformal dimensions in the three sectors are given by, 
where H is a harmonic number of order .
It should be noted that for = 1 the anomalous dimension ∆ A, vanishes as it is the conserved current. Also for = 2 we have vanishing anomalous dimension for singlet representation which is the conserved stress-tensor. However, for = 2 symmetric traceless operators acquire an anomalous dimension. We can compute the higher spin OPE coefficients for any given spin upto O( 3 ). The explicit expressions for individual N and up to the O( 2 ) are given below. Their O( 3 ) part have been obtained for individual -s, and can be automated for any value of -a general formula can be obtained using a different method [55] . First few have been listed here.
The O( 3 ) terms c
i, can be computed for any given spin. They also obey a general formula. These are given in Appendix D .
The anomalous dimension corrections are in good agreement with the known results [45] . The OPE ccoefficient corrections are new, except for = 1 and 2, which correspond to c J and c T , which were calculated till O( 2 ) [52] , and agree with our results. In Appendix B we give an alternative computation of c T from symmetry arguments that agrees with our result (5.3), up to the O( 3 ) order.
Simplification under -expansion
While evaluating the equations (2.39)-(2.44), we could get away with just one operator in the s-channel and two operators (the singlet and traceless symmetric scalars) in the crossed channels. This is because the other operators in the sum contribute from a subleading (O( 4 )) order in .
Let us see how the other operators are suppressed, in in all the channels. is given by,
s-channel
Here C 2m, is the OPE coefficient of the operator. Since the operator is made of four φ-s, it does not exist in the free theory, and in the interacting theory the generic three point function goes
Since the OPE coefficient is the square of the three point function, we have C 2m, ∼ 2 and the whole expression above contributes at O( 4 ). Now, there can be other operators too, with higher number of φ-s. But they contribute at a more subleading order because their OPE coefficients are even further suppressed in .
t-channel
In the crossed channels the simplifications happen due to cancellation of residues of various poles among one another, under expansion-the discussion is similar to the one in [28] . The cancellations are such that all the operators in the crossed channels start contributing from O( 4 ). The only operators that can contribute at a more leading order are the lowest dimension scalars. Even for these operators there are only two poles whose residues contribute at a leading order, and all other residues cancel among one another to start from O( 4 ) or more. For = 0 the expression (2.25) or (A.9) can have poles at (after substituting s = ∆ φ ),
Here n is a positive integer. For the lowest dimension operators, i.e. those with dimension ∆ = 2 + δ
, we have the following residues cancelling each other,
So only the poles I and II (for n 1 = 0) contribute to our computations.
Heavier scalars having dimensions of the form ∆ 2m,0 = 2 + 2m + δ m + O( ) contribute only from O( 4 ). Tis is due to the following cancellations of residues:
Res ν=h−2∆ φ +2s+2n−2 + Res ν=2∆ φ −h+n = O( 4 ) with n = m . For spin > 0 we have the following poles in the crossed channels:
• II. ν = (h + + 2n)
Here we observe two different cases:
Lowest dimension spin :
These are operators of the form ∆ = 2 − + + O( 2 ), whose dimensions we computed in the paper . We observe the following cancellations for them,
Res ν=h+ +2n + Res ν=2∆ φ −h+ +2n+2 = O( 4 ) where n = 0, 1, 2, · · ·
Higher dimensional spin operators:
These are the operators O 2m, we discussed in 3.2.1 having the dimensions ∆ 2m, = + 2 + 2m + δ m + O( 2 ) . Their OPE coefficients go like C 2m, ∼ O( 2 ) or higher. Accounting for this suppression we have the following cancellations,
Res ν=∆−h + Res ν=h+ +2m−2 + Res ν=2∆ φ −h+ +2m = O( 4 )
Res ν=h+ +2n + Res ν=2∆ φ −h+ +2n+2 = O( 4 ) where n = m − 1
Thus the crossed channels get contributions from only a finite number of operators. We refer the readers to Appendix F of [28] for a more detailed discussion of these simplifcations.
Large N critical O(N ) model
In this section we focus on the constraint equations to fix the OPE coefficients and anomalous dimensions of operators appearing in the large N expansion of the φ 4 theory in d (≡ 2h)dimension.
Here we start with the conserved current which suggests that we will use ∆ =1 = d−1 as the input.
Let us write the dimension of φ as ∆
It starts with h − 1 because the dimension of the fundamental scalar in free theory is (d − 2)/2 = h − 1. We write the spin one conserved current OPE coefficient as N 2 ) . In the equations (2.43) and (2.44), we have, is given by,
The disconnected part for = 1 is given by,
Solving the constraints we get,
We find C
S,0 in the next subsection. Using that result given in (4.12) we can fix δ
φ .
This agrees with eqn. 4.6 of [17] .
Spin = 0 in the s-channel
We will first discuss the case of spin 0 operators exchange. Let us denote the anomalous dimensions of the spin-0 singlet and symmetric traceless operators as,
We have verified that it is essential to have ∆ S,0 begin with 2, instead of 2h − 1 in order to have consistency of the equations. This is consistent with the fact that the Lagrange multiplier field is the shadow of φ i φ i .
We focus on the singlet and symmetric traceless equations (2.39)-(2.42) for = 0. In the large N limit the q
S(s)
=0 and q
T (s)
=0 -channel has the following expansion,
S,0 + 2δ
T,0 − 2δ
The disconnected part is given by,
In the crossed (t or u) channel q
S,(t)
T,(t)
=0 only the = 0 operators have the leading contributions as discussed in section 3.2 . The crossed channel and the derivatives have the following large
The O(1/N ) term of q
S(t)
=0 is too ugly to write here. The crossed channel q 
The anomalous dimension of spin zero symmetric operators match with known results [17] . An important point is that using the constraint equations we could not fix the anomalous dimension of the singlet as it requires the solution at O(1/N 2 ). At this order the higher spin operators start contributing to the t-channel. This is a similar problem to the one we faced in -expansion, as dicussed in section 3.2, that prevented us from going beyond a certain order in .
Higher spin in the s-channel
Now we will use the spin zero results obtained above to determine the anomalous dimensions and OPE coefficients of operators with spin . Let us denote the higher spin singlet, symmetric traceless and antisymmetric operators and the corresponding OPE coefficients as,
where the subscipt i is the shorthand S, T, A for singlet, symmetric traceless and antisymmetric exchange respectively. Now we use the constraint equations (2.39)-(2.44) to extract the singlet, symmetric traceless and antisymmetric anomalous dimensions and OPE coefficients. The q i(s) , q
and their derivatives have the following large N expansion,
The crossed channel q T (t) and its derivative start at O(1/N 2 ). The derivative of q i(s)
The disconnected piece for spin has the following large N expansion,
Now we solve the constraint equations (2.39)-(2.44) to compute the anomalous dimension and OPE coefficient of spin operators. The solutions are given by,
Note that the anomalous dimension vanishes for = 2 singlet and = 1 antisymmetric operators as it should, corresponding to the conservation of the stress-tensor and current. These results are in agreement with known results [61, 43, 17] . In Appendix C we show how to extract the OPE coefficients and anomlaous dimension corrections from the exact form of the correlator at 1/N .
Comparison with known results

Padé approximations
We can construct the Padé approximant for the O(N ) models
for any given physical quantity known in the d = 4 − and d = 2 + expansions upto a given order-we will closely follow the discussion in [53] . The coefficients in (5. Padé [4, 2] Large N [3, 2] , large N and numerical bootstrap results [51] for c J /c J f ree in d = 3 for the O(N ) model. (Only numerical results which were precisely computed in [51] have been presented.) For N = 2 quantum Monte Carlo [48] results quote the value 0.917 or 0.904 [49] depending on the extrapolation scheme used.
given in section 3 as well as the d = 2 + results given in [53] 
We construct the approximant Padé [3, 2] and Padé [4, 2] for c J /c J f ree and c T /c T f ree respectively. 
Large spin analysis
In [28] it is shown how the s, t and u channels simplify when we consider large spin in the s-channel.
Let us assume a weakly coupled theory, which means a CFT where we have a certain suitable small parameter g, in terms of which the anomalous dimension can be expanded. The large spin analysis predicts the behavior of large spin operators as an expansion in a small parameter, at large , which matches with the prediction of [19] . In this section we will briefly review that analysis for O(N ) models with large N . So we will have g = 1/N , and demonstrate how it can correctly reproduce known results for large spin dimensions in 4 < d < 6 dimension.
We will start with the correlator φ i φ j φ k φ l . The external fields have the dimension,
In the s-channel we have the large spin operators having dimensions of the form 
In the above equation, P S = 1/N , P T = P A = 1/2.
To evaluate the t-channel, we will use the following approximation of Q 2s+ ,0
[28],
We use (2.25) to evaluate q (t) ∆, | . Both t and ν contours are determined from the power of in the integrand. With the above approximation in the integrand, if we do the t integral first, we will have poles at t = λ 2 − ∆ φ and t =λ 2 − ∆ φ . All other poles in t have residues suppressed in or lie out of the contour. Similarly in the ν integral we will only have poles at ν = ±(∆ i − h) (signs depend on the pole of t considered before). Other ν poles have residues suppressed in , or are out of the contour. Writing ∆ i = τ i − , we arrive at,
The above formula gives the contributions from different O(N ) sectors in the t-channel. Since this is the t channel we have a sum over τ i and . However one can see from the large dependence, that only operators with small twists dominate the sum.
Here we assume the presence of a singlet scalar of dimension
in the spectrum. This operator is the lagrange multiplier field present in the large N critical theory.
It becomes significant in 4 < d < 6 dimensions because it is the leading operator at large in the t-channel. Then the sum in the t-channel goes away and we use (5.9) to expand (5.8). Finally using the contraint equations (2.39). (2.41) and (2.43), we get,
Here α p (N −1 ) are given by,
In general dimension the second line of (5.11) is not significant, and we can just take q = 0. For large N critical model we have,
Plugging this in, we get the correct 1/ 2 dependence for the large spin currents in all the sectors as given in [17] for p = 0,
One can also compute the leading log term, given by,
This matches with the expected log term at O(1/N 2 ) [20] .
Cubic anisotropy
The φ 4 interaction of (3.1) can be extended to the case of cubic anisotropy, whose lagrangian can be written as,
where
Here we have introduced the generalized δ ijkl -function. It is defined by
The interaction term then looks like g 1 (φ i φ i ) 2 + g 2 i φ 4 i . This action breaks the O(N ) symmetry. The symmetries respected by this system are: φ i ↔ −φ i and φ i ↔ φ j .
We will now study our bootstrap conditions to understand what happens in the cubic anisotropy case without referring to the lagrangian. Since O(N ) symmety is absent, we cannot use the form (2.3). To get the operator content let us look at the two point OPE φ i × φ j .
denotes the antisymmetric operator. The traceless symmetric operator of the O(N ) case has now broken up into the two pieces T and V which are different multiplets that do not mix with each other. In free theory, the two-point function of one operator with another in a different multiplet is 0, and we will take the same operator basis for the interacting theory.
Now let us take
We will use the above OPE to write the conformal blocks and the associated irreducible tensor structures. We have,
where + and − are to indicate even and odd spins respectively and the C ∆, appearing in a sector corresponds to operators in that sector.
The corresponding Witten diagram expansion can be written as,
As before, the M i,(s) are given by (2.10). The t channel is obtained by changing s → t + ∆ φ , t → s − ∆ φ and 2 ↔ 4. The u channel is obtained by changing s → ∆ φ − s − t, and 2 ↔ 3.
The rest of the analysis is similar to the O(N ) case. We sum over all the channels and rearrange them according to the tensor structures appearing in the s-channel (6.6). Now we expand the Mellin amplitudes in terms of the continuous Hahn polynomials as in (2.20) . Then corresponding to δ i 1 i 2 δ i 3 i 4 we get the equations,
Finally we have the antisymmetric
In writing the above equations we have used the relation (2.31).
Solutions
In this subsection we will solve the above equations to find the anomalous dimensions and OPE coefficients of the operators in the spectrum. Once again, we will use the conservation of stress tensor (i.e. ∆ =2 = 4 − ) as the input. This will give the dimension of φ. Let us write it as,
To determine ∆ φ we will have to solve the above equations simultaneously order by order in .
This will require the crossed channels too. For the same reason as described in 3.2.2 only the scalar operators of lowest dimension will contribute to the t-channel till the O( 3 ) order. So, in order to solve ∆ φ till O( 3 ) we also have to know the dimensions and OPE coefficients of the = 0 operators and OPE coefficient of the spin 2 operator.,
where i = S, T, V . There is no spin 0 antisymmetric operator. Now using this parametrisation we solve the equations (6.7) for = 2 and (6.7),(6.8) and (6.9) for = 0 simultaneously. This gives,
The spin 0 dimensions and OPE coefficients are given by,
14) 19) and the spin 2 OPE coefficient which is given by,
(6.20)
The quantities ∆ φ and ∆ S,0 are known in literature [44] , and our results agree with them. Now let us turn our attention to higher spin operators. Using the information obtained above we can determine their anomalous dimensions and OPE coefficients order by order in . Let us denote them as ∆ i, and C i, . Here i stands for S, T, V, A. Now we solve (6.7)-(6.10) and use (6.13)-(6.19) order by order, to determine the above unknowns. For i = S, T, V we have only even spins, and for i = A we have only odd spins. We obtain, 
Note that the anomalous dimension of spin-1 current does not vanish. This is expected since the rotational symmetry of O(N ) is no longer present, implying J µ is not conserved. Now let us come to the OPE coefficients. We write them as,
Here we define the free field OPE coefficients by C 
The quantities c
i, and c 
Discussion
We have analyzed the Mellin space analytic bootstrap techniques to conformal field theories with O(N ) symmetry. Consistency with the OPE imposes non trivial constraints on the dimensions and the OPE coefficients of the operators appearing in the singlet, symmetric traceless and antisymmetric representations of O(N ). By considering the leading spurious pole s = ∆ φ , we looked at the -expansion and the large-N expansion and demonstrated that the consistency conditions lead to known results as well as new results for OPE coefficients. We also studied the case with cubic anisotropy and obtained new results. We list below some future directions.
• It will be interesting to compare the new O( 3 ) results we have for the OPE coefficients with what arises from numerical boostrap. In [27, 28] we compared the Ising case with the spin-4 OPE result in [54] and found impressive agreement.
• It will be desirable to develop and algorithm to compute systematically subleading corrections.
We have not used all the equations. There are spurious poles of the form s = ∆ φ + n and we just considered n = 0. With a judicious choice, it should be possible to extract a lot more information from these equations. By exploiting these equations it should be possible [55] to extract more information about subleading terms as well as about other higher order operators in the spectrum for which some information is known [56] . It should also be possible to consider CFTs in higher dimensions as in [57] .
• It will be important to develop numerical algorithms to solve these equations. As pointed out in [28] , it may be easier to consider expanding these equations around some t = t 0 rather than in terms of the continuous Hahn polynomials. We go from one set to the other by taking an infinite linear combination. Hence, it is not apriori guaranteed that convergence (as a sum over the spectrum) in one case will lead to convergence in the other. It appears to us that expanding around a special point in t may be more suited for numerics. While the issue about convergence as a sum over the spectrum is solved in the conventional approach to numerics [58] , this question still needs to be resolved in our approach.
• It will be interesting to understand whether this approach can be extended to logarithmic conformal field theories [59] . For N = 0, −2, −4, a logarithmic behavior arises in the correlation function. It is desirable to extend our analysis to physical systems exhibiting logarithmic behavior in appropriate limits.
• To make contact with AdS/CFT it will be interesting to understand the large-N systematics in more detail. Our progress in this paper was quite modest but that was because we con-centrated on the leading spurious pole. However, our methods should be useful for future studies along similar lines and also for extending them to supersymmetric theories [60] . 
A Essential formulas A.1 The normalization
When we expand the correlator φφφφ in terms of Witten diagrams, we write the constant coefficients as c ∆, . These constants are related to the OPE coefficients C ∆, through a normalization N ∆, which is given by,
As explained in [28] this is obtained by computing the leading power law u (∆− )/2 (1 − v) from the Witten diagram and comparing with the conformal blocks.
A.2 Mack Polynomials
The Mack polynomials P (s) ν, (s, t), for identical external scalars, are given by [29, 34, 32] 
The other notations are given by,
A.3 Continuous Hahn Polynomials
We briefly summarize the key properties of the continuous Hahn polynomials. More details can be found in [28] . It is given by,
These polynomials have the orthogonality property [40] , 6) where,
Further we have the identity, 
A.4 t-channel integral
The most general form of q
∆, | (s) in the t-channel for an exchange of operator with spin , is given by,
This general form is derived in [28] .
B Obtaining the c T from symmetry
The central charge c T which is given by c T =
can be obtained using symmetries of the problem and known large N results-the argument for c T in this section is due to Hugh Osborn.
C 2h,2 is related to the square of the three point function φ i φ j T . Here T is the stress tensor singlet operator schematically given by φ k ∂ µ ∂ ν φ k . To obtain the three point function let us look at the general function φ i (x)φ j (y)(φ k ∂ µ ∂ ν φ r (z)) . For the stress tensor we will have to contract this with δ kr first. Then we will contract the whole 3-point function with itself.
Now assume a generalised interacting term given by Let us rescale the interaction λ ijkl → 16π 2 λ ijkl . The general term from these two processes can be written as φ i φ j (φ k ∂ µ ∂ ν φ r ) = O(1) + aλ ikmn λ mnjr + bλ ikmn λ mnpq λ pqjr + cλ inkm λ rmpq λ pqjn .
(B.1)
The O(λ 0 ) term can be anything of the form xδ ij δ kl + yδ ik δ jl + zδ il δ jk . Now the contracting the above with δ kr , we get the form, Now the large N expansion of c T /c T,f ree can be found in [53, 52] , and it is given by, Since there are three undetermined coefficients α, β, γ to fix, we would not be able to do it from the 2 and 3 terms of 1/N expansion alone.
C Obtaining the large N corrections
The correction to the 4-point function φ i φ j φ k φ l has been computed exactly at the 1/N order [61] . It is can be written in a compact way as [19, 20] , TheD functions are defined in [32] . We can rearrange the 4-point function into singlet, symmetric traceless and antisymmetric parts. With the overall factor of (x 2 12 x 2 34 ) −∆ φ , the 1/N correction coefficients of the latter two sectors are given by (upper sign for symmetric traceless and lower for antisymmetric), The above is then compared to the u h−1 (1 − v) log u and u h−1 (1 − v) terms from (C.3) and (C. 4) to read off the anomalous dimensions and OPE coefficients which match exactly with our results 
D Higher spin OPE in -expansion
The OPE coefficients of the higher spin operators in d = 4 − can be written as 
T, and c
A, were given in (3.26), (3.27) and (3.28). Here we give the O( 3 ) orders for the first few spins. The singlet O( 3 ) OPE coefficients are found to obey the following general formula,
D.1 Singlet sector
